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Abstract. Let vr : Cg ^ Mg be the universal family of compact Riemann 
surfaces of genus g > 1. We introduce a real- valued function on the moduli 
space Mg and compute the first and the second variations of the function. As 
a consequence we relate the Chern form of the relative tangent bundle T^^ 
induced by the Arakelov-Green function with differential forms on Cg induced 
by a fiat connection whose holonomy gives Johnson's homomorphisms on the 
mapping class group. 



Introduction 

Let TT : Cg — > Mg be the universal family of compact Riemann surfaces of genus 
g > 1. The orbifold fundamental group 7rJ"'''(Mg) of the moduli space Mg is the 
mapping class group for a closed surface of genus g. Johnson [B] introduced a series 
of nested subgroups of 7r5"'''(Mg) and a homomorphism on each of these subgroups. 
Today they are called Johnson's homomorphisms. The first one of the subgroups 
is the Torelli group Xg , the kernel of the action of the mapping class group on the 
homology of the surface. Moreover he proved the free part of the abelianization 
Xg''''°' is given by the first Johnson homomorphism [7]. Morita extended the first 
Johnson homomorphism to a crossed homomorphism on the whole group 7rJ''''(Mg), 
and proved that his extension yields all of the Morita-Mumford classes on the 
moduh space Mj pi] [12]. 

It is an important subject to study differential geometry of the moduli space Mg 
through Johnson's homomorphisms. Harris ^ defined the harmonic volume of a 
compact Riemann surface. This can be interpreted as an analytic couterpart of the 
first Johnson homomorphism. Let C be the Hodge line bundle on the moduli space 
Mg. The first Morita-Mumford class ei is twelve times the Chern class ci(£). Hain 
and Reed took the puUback of the biextension line bundle [3j along the harmonic 
volume to construct a Hermitian line bundle B on Mg, isomorphic to C^(^9+'^\ 
Comparing the Hermitian metric on B with the standard metric on £, they defined 
and studied a real- valued function /3g : Mg ^ R [4] . 

In our previous paper [3] we introduced a flat connection on a vector bundle 
over the space Mg i := Tc^/Mg \ (0-section) whose holonomy gives all of John- 
son's homomorphisms for the mapping class group 7ri(Mg.i). The first term of the 
connection form is exactly the first variation of (pointed) harmonic volumes. By 
Morita's recipe iJJJ the connection form induces canonical 2-forms e"^ on Cg and 
ef on Mg representing the Chern class of the relative tangent bundle Tc^/wig ^-nd 
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the first Morita-Mumford class ei, respectively. The 2-form ef corresponds to the 

Hermitian bundle B. 

Let {V'i}f=i be an orthonormal basis of the holomorphic 1-forms; ^^-^ fpi A 
~ ^ij ' ^ ^ h j ^ 9- Then the 2-form B := X]f=i V'i A ■(/'^ is a volume form 

on C, independent of the choice of the orthonormal basis {V'iliLi- The 2-form 

is related to the volume form B. It restricts to B 

on any Riemann surface C regarded as a fiber of the universal family tt : Cg ^ Mg 
(| 4.6p . Here ) means the space of the g-forms. 

Arakelov made use of the volume form B in his study of arithmetic surfaces [1] . 
The Arakelov-Green function G on a compact Riemann surface C is defined by 
G(Po, A) := exp(— 47r/ipQ(Pi)), Po,Pi S C*, where the function hp^^ is the Green 
function with respect to the volume form B (| 1.9p . We may regard the Arakelov- 
Green function G as a function defined on the fiber product Cg XMg Cg. Then 
the differential form := 2-kI/-i ^'^ ^1 (diagonal) represents the Chern class of 
the line bundle Tp /m , since the normal bundle of the diagonal in the product 
Cg XMg Cg is exactly the relative tangent bundle /m . As was observed by 
Arakelov [1], we have 

e^\c = {2-2g)BeA\C) 

for any C. 

In this paper we will give an explicit function which links e"^ and together. 
We define 

9 



ag(G) := - V / $(V'i A Vj) 

^ Jc 



for any compact Riemann surface C, where $ : A'^{C) A^{C) is the Green 
operator with respect to the volume form B (| 1.4p . It is independent of the choice of 
the orthonormal basis {V'i}f=i- If 5 ^ 2, ag(G) is a positive real number (Corollary 
1.21). Hence we obtain a real- valued function a„ : M„ M. Then we have 



Theorem 0.1 (= Theorem [XT]) . 



A J -2\/^ - 
e — e — -^r—rz —ooag. 



25(25+1) 



The 2-form e"^ is induced by the exterior derivative of the second term of the flat 
connection. This fact simplifies the proof, which requires only the first variation of 
the function ag. 

Next we study the 2-form ef . Moreover we consider the integral along the fiber 
ef :— /fjber^^'^)^ ^ ^^(-f^g); which also represents the first Morita-Mumford class 
ei. The difference ef — G A'^(M.g) is nuU-cohomologous, but does not vanish as 
a differential form. Then we have 

Theorem 0.2 (= Theorem EH]) . 



r^^"9 = 7KZ—^i^i - ^i)- 



25(25+1) (25-2)2 
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To prove the theorem, we compute expUcitly ef , ef and the second variation of 
Ug. The latter half of this paper is devoted to these computations. 
As a corollary of these two theorems we obtain 

Corollary 0.3. 

Thus the Chern form induced by the Arakelov- Green function is expressed 
in terms of differential forms induced by the flat connection whose holonomy gives 
Johnson's homomorphisms on the mapping class group. 

The author docs not know any of further properties of the function ag. It would 
be interesting if we could find its explicit relations with other real- valued functions 
on Mg including Faltings' delta function [2| and Hain- Reed's beta function [4]. 
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1. A REAL- VALUED FUNCTION flg ON THE MODULI SPACE Mg. 

We begin by recalling some basic notions on Riemann surfaces. In the second 
half of this section we define the real- valued function Og on the space Mg. 

Let g > 1 be an integer, C a compact Riemann surface of genus g. 

The Hodge ^-operator *: T^C T^C on the real cotangent bundle T^C de- 
pends only on the complex structure of C. The — V— 1-eigenspace in (T^C) ® C is 
the holomorphic cotangent bundle T*C, and the v^^-eigenspace the antiholomor- 
phic cotangent bundle T*C. 

We denote by A'^{C) the complex- valued g-currents on C for < g < 2. The 
operator * decomposes the space A^{C) into the ±\/— 1-eigenspaces 

A\C)^A^'°{C)(BA'''\C), 

where A^'°(C) is the —V— 1-eigenspace and A'~''^{C) the ^/— 1-eigenspace. Through- 
out this paper we denote by ip' and ip" the (1, 0)- and the (0, l)-parts of (p £ A^{C), 
respectively, i.e., 

ip = p' + ip" , *{p = —\f~^p + \f^-iip)" . 

If ip is harmonic, then ipj is holomorphic and pJ' anti-holomorphic. 

Let H denote the complex first homology group of C, iJi(C;C), which admits 
the intersection pairing 



m : H H C, X(»Y ^ m{X (»Y)^ X -Y. 
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The dual H* is the first complex cohomology group H^{C;C). Consider the map 
H* (C) assigning to each cohomology class the harmonic 1-form representing 

it. The map can be regarded as a H- valued real harmonic 1-form e A^{C)^H. 
Let {Xi, Xg^i}f^^ be a symplcctic basis of H 

Xi ■ XgJ^j = 6ij, Xi ■ Xj — XgJ^i ■ XgJ^j =0, 1 ^ J ^ 5) 

and {^i, £,g+iYi=i C A^{C) the basis of the harmonic 1-forms dual to {Xi, ^g+i}f=i- 
Then we have 

9 
i=l 

In particular, if {■^t}?^^ is an orthonormal basis of the holomorphic 1-forms 

(1-1) J^i'i ^-^h = Sij , i<i,j<g, 

then we obtain 

g 

(1.2) tOil) =J2^i^i + '^i' 



i=l 



where {Yi, ^^+i}f=i C He is the dual basis of the symplectic basis {[i^i], -^^[V'i]}i=i 
of H* = H\C;C). 

Since the complete linear system of the canonical divisor on the complex algebraic 
curve C has no basepoint, the 2-form 

1 1 ^ — 

is a volume form on C with B = 1. 

We denote by $ = : ^^(C) ^ A^{C) the Green operator with respect to the 
volume form B. We have 

(1.4) d*d^fl) = 0-(/ n)B, 

Jc 

(1.5) / d>{n)B = 



for any Q, G A^(C). The Hodge decomposition on the 1-currents on C is given by 

(1.6) If = Hf + *d^d(p + d^d * If 

for any ip G A^{C). Here 7i is the harmonic projection and satisfies 

(1.7) H<y? = -a;(i) • (^J^u)(^i) A (fj = - (^j^iphW(i^ ■ uj(i). 
If If' is a (1, 0)-current, then 

(1.8) if' =Hf' + 2* d^d^p' = Uf' - 2y/^d'idf>'. 
Let S A^{C) be the delta current at Pq S C. We define 

(1.9) h = hp„:^-H5p,). 

G{Po,P\) := exp(— 47r/iPo(Pi)) is the Arakelov-Green function. We have 

:^-^ddlogG{Po,) = B - 5p,. 
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If f2 is a smooth 2-form on C, then <i>(fi) is smooth. We have 

Jc Jc 
for any fi' G A'^{C). In particular, if ft' = Sp^, then 

m){Po) = - l^hp„n = ^J^ log G(Po, )n. 

Now we introduce the function ag on the moduli space Mg. For [C] E Mg we 
define 

/ W(i)$(w(i) A = / • A W(i)) • 

Jc Jc 

From (jX2l) 



4^ ,;;~i-'(Po,Pi)ecxc 



47r 

It is easy to see 
Lemma 1.1. We have 

/ n^Tl) < 

Jc 

for any smooth 2-form ft. Moreover we have — if and only if E CB. 

Proof. By a straightforward computation we have 

J C J C J c 

This implies the first half of the lemma. 

Assume $(1!) = 0. Then d^{^) = = 0, so that $(rj) is constant. 

From (TTH) we obtain ^ = (/^ n)B E CB. □ 

It follows from the lemma 

Corollary 1.2. 

ag{C)>0, ifg>2. 
In the case = 1 we have ai(C) = 0. 

2. The first variation of the function Og. 

In this section we study the first variations of the funcion Og and the Green 
function h. 

Let C be a compact Riemann surface of genus g > 1. We define the map 
M : H®^ ^ C by 

M{ZiZ2Z3Zi) := {m®m){Z2Zj.ZiZi) = [Z-2 ■ Zz){Z^ ■ Zi) 

for Zi E H . Here and throughout this paper we omit the symbol ® frequently, so 
that we write simply Z1Z2Z3Z4 for Zi ® Z2 ® Zj, ® Z^. Then 



ag{C) = -M I A W(i))w(i) A uj(i) 
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Let / e iJ**^ denote the intersection form. If {Xi, Xg+i}f^-^ C -ff is a symplectic 
basis, then 

g 

(2.1) I — XiXg^i ~ Xg^iXi. 

i=\ 

For Z^Zx,Z2 G H it is easy to see 

(2.2) {m®\H){ZI) = {\H®m){lZ) = -Z, 

(2.3) MiJZ^Z^) = Af (Z1Z2/) = m(ZiZ2) = • Z^. 

We denote hyTf : H ^ H the transpose of the Hodge ^-operator on H* ~ H^{C;C). 
It is clear that 

(2.4) {*Zi) ■ {*Z2) ^ Zi ■ Z2, yZi,VZ2eH. 

We have *Yi — ~\/~\Yi for the symplectic basis {Yi^Yg^i\\^i in \ 1.2|) . Let W 
and 7J" be the — V— 1- and the -\/— 1- eigenspaces of the operator ^, respectively. 
These are isotropic subspaces of H. We have 

s 

(2.5) = w^i) +^['1), ^V^i^z e ^^(C) 

i=l 

where {V'i}f=i is the orthonormal basis of the holomorphic 1-forms in (| l.ip . In 
particular, 

(2.6) * = ^W(i). 

Consider a C°° family of compact Riemann surfaces Ct, t S K, |t| <C 1, with 
Co = C . The family {Ct} is trivial as a fiber bundle over an interval near t = 0, 
so that we obtain a C°° family of C°° diffeomorphisms f* : C ^ Ct with /° ~ Ic- 
In general, if Q = O* is a "function" in t e M, |t| ^ 1, then we write simply 

(2.7) 6-.^^^ Ot. 

at t=o 

For example, we denote 

at t=o 

Here /x(/*) is the complex dilatation of the diffeomorphism /*. Let z be a complex 
coordinate on C, and C on C*. The complex dilatation /x(/*) is defined locally by 

dz [Co P)zdz 

which does not depend on the choice of the coordinates z and C. In this paper we 
write more simply 

M=(/i(/))-. 

The Dolbeault cohomology class [/i] G H^{C; Oc{TC)) is exactly the tangent vector 

i\ta^t]eT^c]Mg. 

We define a hnear operator S = S[fi] : A^{C) A^{C) by 

S{ip) = Siif') + S{ip") ~ -2^V - 

for ^ = V3' + (^", e Ai'O(C), V3" e ylO'i(C). The first variation of *t := /*%Ct is 
given by 

(2.8) i^*S^-S*:A\C)'^A\C). 
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As to the harmonic form uJ*,-^^^ :— P*u}9a, we have 



Lemma 2.1. 



Proof. Since uj*^-^^ is cohomologous to ^'(ly there exists a function u such that — 
du. Differentiating d *t = 0, we get 

d* du = d* ajjx) = —d'*uj(^i^ = —d * StJ^i). 
Hence u = — $(i * S'aj(i) modulo the constant functions. □ 
In this paper we write 

17o := '^(i) A uj(i) e A^{C) ® H'^^ 

The first variation of ag is given by the following. 
Theorem 2.2. Let S 6e the quadratic differential defined by 

E := i\/ ((*9ii'o)(*ai^o) +4(*a$(*di<ro A 
Then we have 

dg = -3? (^4:V^ J Eld 
We denote by 

oo 
m=0 

the completed tensor algebra generated by H. Let $7 = {il*}, t G K, |t| <C 1, be a 
family of 2-forms with values in the algebra T. Assume A := fl G T is constant, 
and denote K := $(i7). Then we have 

Lemma 2.3. 

{[ Kny = [ inK + Kn)- [ {bak + kbA)- ( {didK)K. 

Jc Jc Jc Jc 

Proof. Since fl ~ d* dK + BA and KB = 0, we have 

/ kn= [ kd*dK+ [ kBA= [ {d*dk)K- [ KbA 
Jc JC Jc Jc Jc 

= / {h~BA~d'*dK)K~ [ KB A. 
Jc Jc 

( / K^y = [ kn+ [ Kh 

Jc Jc Jc 

= I (ilK + Kh)- [ [bAK + KbA) - [ {d*dK)K, 
Jc Jc Jc 

as was to be shown. □ 



Hence 



8 NARIYA KAWAZUMI 

Let 9 and Lp be real 1-forms on C with values in T. Then we have 
(2.9) j *9ASip^n (^4\/=T J e'lp'i^ . 

In fact, we have 

*eASip = -2 ( ^9 A {ip'fi + ip"-p) = 2^ [ [9' - 9") A (^V + v'' 
c Jc Jc 

''\,. o./ T / ra''''\-rT •fc A . / i" / /all 



= 2x/-l / {9'if')^i-2y/-l / (e/'V )/!= 5i I 4V-1 / {9'lp')^i 
Proof of Theorem \2.2[ Since iJ' and iJ" are isotropic in H, 

Hence we have 

(2.10) S = Af (i.o'^o + 4(*a$(z/o A cc;[;)))cj'(i)) 
Now applying Lemma 12.31 to ag — —M Kq^Io^ we have 

(2.11) -ag = 2Af [ Knno-2M [ B KqI - M [ {d*dKo)Ko 

Jc Jc Jc 

The first term of the RHS in fTTT^ is 

2Af / $(rJo)'^(i) Aa)(i) + 2Af / $(r2o)'^(i) A 



= 4Af / <I>(f2o)tJ(i) A = 4A/ / $(f2o)tJ(i) Ad$d* (~S'w(i)) 

= -4Af / *(i$(d<i>(cj(i) A LJ(i)) A 0^(1)) A S'w(i) 

= — 4Af / *d$(d<&(*u;(i) A *a;(i)) A *W(i)) A S^a;(i) 

JC 

= 4Af / * * d$(>i=d$(17o) A LJ(i)) A S'cj(i). 
Jc 

From (| 2.3p the second term vanishes. In fact, 

Af /" BKoI = m ( BKo = 2g ( B^B) = Q. 
Jc Jc Jc 

The third term is 

-M I {didKo)KQ = -M I {^dKo)dKo = Af / dKo{idKo) 
Jc Jc Jc 

= -Af / *dKo A *S * dKo ^ M / * * dKo A S * dKo. 
Jc Jc 

Hence from (| 2.9p 

-a'g = (^J * * dKo A S * dKo + A J * * d${*dKo A uj(^i^) A Suii^i)^ 
as was to be shown. 
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Next we study the first variation of tlie Green function h = —^{6p„). Let 
{Ct, Pq), i e M, \t\ <C 1, a C°° curve on the universal family Cg. We can choose a 
family of diffeomorphisms /* : (C, Pq) ^ (C'tj-Pp) such that /* is complex analytic 
near Pq for sufhciently small t. Then fi = vanishes near the point Pq. 

We compute h= 4i f^*hpt. Since f^*5pt = 6p„ is constant, we have 

at 

d* dh ^ B —d*dh. 

The RHS is smooth near Pq since /i and d^dh vanish near Pq. Hence h is smooth 
near Pq so that we may take the value of h at the point Pq, h{PQ)- 



From what we have discussed we may apply Lemma 12.31 to the 2-current ft — 
-Spg. Then we have Sp^' = 0, K = hp„, A = -1 and {J^ Kn)- = K' ft = 

—h{Po)- Hence we obtain 

(2.12) A(Po)--2 / hi3+ [ h{didh). 

Jc Jc 

Theorem 2.4. Let T be the quadratic differential defined by 



Then we have 



2 - 

T := {*dh){*dh) + - * d<^{*dh A cJ(i)) • 



Proof. We have 13 — ^^^(i) ■ since B — ^(^(i) • "^(i)- As to the first term in 
(212^ we have 



hB ^ I • W(i) = I /ii-Li(i) • d^d * S'w(i) 



= — / *d^d{huj(^i)) ■ Suj(i) = / *d^{*dh A uj(i)) ■ S*LU(^ij 
Jc Jc 

= +J * * A • S'w(i) = 3? ^4V^y {*d^{*dh /\Lj(^i-j) ■ iLj'i^j^^)fi^ 



The last line follows from (| 2.9p . 
The second term is equal to 



h{d*dh) = dhh*dh= I dh A S * dh 
c Jc Jc 

= - J **dh/\S*dh = -n (^4:V^ J {*dh){*dh)i^ . 
This completes the proof. □ 
3. The flat connection for Johnson's homomorphisms. 

Now we regard the Arakelov-Green function G{Pq,Pi) := exp(— 47r/ipQ (Pi)) as 
a function on the fiber product Cg x^ig Cg. The normal bundle of the diagonal 
map Cg Cg Cg is equal to the relative tangent bundle Tcg/Mg- Hence the 
(1, l)-form on Cg 

:= log G 



27rv — 1 diagonal 
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represents the first Chern class of the bundle Tcg/Mg- Since 2it^-\ ^"§^(-^0' ) ~ 
2\J —\hp^ , we have 

(3.1) e^[c,Po] --2V^95/ip„. 

In this section we review a flat connection introduced in the previous paper 
[9], whose holonomy gives Johnson's homomorphisms on the mapping class group. 
The connection induces a (1, l)-form on Cg representing the first Chern class of 
TCg/Mg following Morita's recipe [12]. We relate the second term of the connection 

form with the first variations dg and h{Po) computed in ^ As a consequence we 
obtain 



Theorem 3.1. 

25(25+1) ' 

Let [C, Po] e Cg be a pointed Riemann surface. We define the Green operator 
$ = $(c,Po) . A^{C) A°(C)/C with respect to the deha current Spg by 

(3.2) d*d^{n) = n- { [ n)Sp„. 

Jc 

Here A'^{C)/C is the quotient space by the constant functions C. Since d$c? = d^d, 
we have the Hodge decomposition 

(3.3) (fi ^ + *d^dip + d^d * ip 

for any Lp e A^{C). 
We have 

(3.4) * rf$(f2) = *d$(f7) - ( / f7) * d/i 

Jc 

for any fl E A'^{C). In fact, fl — (/^^ ^)^Po is d-exact, so that 

*d<^{n) - *d^n) = ( / n){*d^ - *d^){Sp„) = {( n)* dh. 

Jc Jc 
In particular, substituting = B into (| 3.4p . we obtain 

(3.5) *dh^ *d<S>{B) ^ — m * d$(17o) 
Now we define n >2, by 

W(„) := uj(p) A W(„-p)^ 

inductively on n, and ui :— "^(n) ^ A^{C)iS)T. Here (g) means the completed 

tensor product. Then we have the (modified) integrability condition 

duj ~ Lu A u! ~ ISpg, 

where / G H^'^ is the intersection form in (| 2.ip . This means the 1-form u defines a 
flat connection on the vector bundle (C \ {i^o}) x T. Its holonomy is the harmonic 
Magnus expansion, an embedding of the fundamental group of C \ {Po} with a 
tangential basepoint towards Pq into the multiplicative group of the algebra T [9] . 
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In the case n = 2 we have 

(3.6) L0(2) = *d(^{Q.Q) = *d$(r2o) + I *dh^ *dKo + I * dh. 
from 03). 

Lemma 3.2. 

(to«)to + Af)(w(2)'^(2) + 2t^(3)^(i)) = 2 + 25(2.g+ 1)T. 

Proof. We have itiKq — 2g^{B) = so that ma;(2) ^ "^g* dh. It follows from (| 3.7p 

(m® m + M)(tj[2)W(2)) = Af(*(9Ji:o)(*9Xo) + (m® m + A/)(//)(*(9;i)(*9/i) 

= M{*dKo){^dKo) + 2g{2g + l){^dh){^dh). 

Since W(2) ^ "-^(i) is d-exact, 

'^(3) ~ *9$(W(2) A W(l)) + *9$(ljJ(i) A ti'(2)). 

Hence 

(m (g) m + M)(a;^3jijj'(j)) 
= 2(m (g) m)(*9$(w(2) A + 2A/(*9$(w(2) A W(i))u;(;^)) 

= 2(2g+ 1) *a$(*d/iAw(i)) -wj^i) +2Af(*(9$(*di4:o AtJ(i))w(i)). 
This completes the proof. □ 

We introduce the operator N : T ^ T defined by 

(3.7) ^l-«-=E(2 3 ... n l) ■ 

As was shown in [9", §7], the covariant tensor N{u;'u') is a meromorphic quadratic 
differential with a unique pole at Pq, and so it is regarded as a (1, 0)-cotangent 
vector at [C, Po,v] e Mg^i in a natural way. We denote by the (n + 2)-nd graded 
component of N{lo'ijj'). By abuse of notation we denote by iJ"^" the vector bundle 

[C]GMg 

over the moduli space Mg. rjn + '7^i is a twisted real 1-form with values in the 

vector bundle on Mg.i. The real twisted 1-form :— X)^i "Hn induces a 

flat connection on H* ®T2 and the holonomy gives all of Johnson's homomorphisms 
on the mapping class group tti {Mgs). Here we denote Ta := 11^=1 H'»'-''+^\ 

Now we look at 7^2 = N {uj'i^^^uj'i^^^ + a;^2)'^(2) + '^(3)'^(i))- Lemma [5^ we have 

(m (g) m)772 = V^^flg + 2.g(2.g + ^)^/^^h{Po). 
Hence d{m (g) m)rj2 — and (i(m ® m)iri2 = 2d{m (g m)ri2. Consequently 
Corollary 3.3. 

(i(m (g) m)772 = -2\/^5aag - 2^(2^ + 1)6-^. 
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From the flatness of rj we have drji — 0. Moreover rji may be regarded as a real 
a- 



1-form on Cg. We identify /\'^H with a submodule of H^^ by the embedding 



(3.8) /\^H ^ H^^ Z.AZ^AZs^ ^ (sgna)Z,(i)Z,(2)Z,(3). 

0-663 

As was proved in [9l §8], the cohomology class —[771] is equal to the first extended 
Johnson homomorphism k € H^{Cg; /\^H) introduced by Morita [TT] , 
We define M : i?®^ ^ c by 

(3.9) M{ZiZ2Z3WiW2W3) := (Zi ■ Wi){Z2 ■ W2){Z3 ■ 1^3), Z,, G H, 
Ml and M2 : A^-H^ ® K' H ^ C by 

Ml := (to«)to«)to)|/^3^^^3jj and M2 := M|^3^^^3^ 
respectively. Then Morita [T^ proved 
Theorem 3.4 ([12|, Theorems 5.1 and 5.8). 

^ -(A/i +M2)(fc«2) ^ ci(rc,/Mj) e H'(C<,;C). 



2g(2.g+i) 

2^^-^(-3Mi + 2(.g- 1)M2)(^^') = ei G H^(C<,;C). 



77ere ei is the first Morita- Mumford class |13j [10] on the moduli space 
Following this theorem we define 

(3.10) -'--2^(2^(^^^+^^^)(^^"^) 

(3.11) e( := -J—i-3M, + 2{g - \)M2)(j]r'^\ 

2g + l 

These are closed 2-forms on Cg representing the cohomology classes e and ei, re- 
spectively. As will be shown in ^ ef can be regarded as a 2-form on Mg. 
Moreover we define M3 and M4 : H®^ by 

(3.12) M3{ZiZ2Z3WiW2W:i) := (Z3 • Wi)ZiZ2W2W3, 

(3.13) MiiZiZ2Z3WiW2W3) := {Z3 ■ W2)WiZiZ2W3, 
respectively. Then we have 

(3.14) (r7i(g)TO)M3|/^3j;^g5/^3^ = Ml, and (m (g) TO)M4|/^3^^g^3^ M2. 
It follows from the flatness of rj 

dm - (M3 + M4)(?7i^2) 

[21 Lemma 2.4]. Hence we obtain 

(3.15) (m (g) m)dr^2 = (Mi + M2){r]i®^) - -2.g(2g + l)e^. 
Theorem 13.11 follows from Corollarv l3.3l and (| 3.14p . 

The residue of the quadratic differential (m(E)m)(?72) at the pole Pq is —-^2g{2g-\- 
1). This also implies — 2g(2g+i) ("^ ® m)drj2 represents the first Chern form of the 
relative tangent bundle Tc_^/Mg- 
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4. Integration along the fiber. 
Now we introduce another 2-form on Mg 

^2 



3f := /■ {ey 

J fiber 



'fiber 

representing the first Morita-Mumford class ei € H'^{M.g;C). To simplify the situ- 
ation we compute 

instead of ef . Here we denote 

It is clear that (2g-2)^ ^ifa®^) = "i(^f ®^)- Since 

(4.1) M^{n^^^) = -ei + 2g{2-2g)e', 
we have 

Let A and be Beltrami differentials, or equivalently elements in C°°{C;TC ® 
T*C). A and fl are regarded as tangent vectors of Mg at [C]. We define 

:= 2$d * (a;'(i) A) S A°(C) iJ' 

:= / A e if®^ 

Jc 

(4.2) := -^(m ® 1)(L^) = / (£^ • a;(i))a;(i) e if. 
The purpose of this section is to prove 

Theorem 4.1. The 2-form is a (1, l)-Jorm on the moduli space Mg, and we 
have 

E[iX,Ti) = 2 [ {e^- a;(i))(a;(i) ■£i^) + 2g [ ■ W)B + (2 - 2gy ■ W 
Jc Jc 

for any X and fi e C°°{C; TC ® T*C). 
We denote by q the (1, 0)-part of —rj^ 

^ ^:r^(™® i)^Ki)'^(2) + '^(2)^(1))' 

which is a meromorphic quadratic differential on C with a unique pole at Pq. 
Lemma 4.2. 



L 



for any A e C°° (C; TC <^T*C). 
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Proof. From () 3.5p and (| 3.7p we have 

2 

(4.3) (g) l)(a;(;^)fo) - 2aj(j) * 

In general, for any 2-current and smooth 1-form ip, we have 



(4.4) / *d$(f7)A^ = / ll'I'd*^ 
Jc Jc 

(4.5) / (pA*d$(r2) = ~ {^d*ip)n. 
Jc Jc 

Hence 

2(m(g)l) y" (w(i)i^o)A = -2(to«) 1) y" (w(;^)A) * (i$(w(i) A W(i)) 
= {m®l) I £-^^(1) AtJ(i) = (l-.g)c^, 



(^' * dh)\ - 2 / (^' A) * d$(^p„) = -r(Po). 
c Jc 

Consequently gA = c'^ + ^•^(Pq): as was to be shown. □ 
Lemma 4.3. 

/ qdV = [lo[,)V')[P,) 
J c 

for any V' G C°°{C;TC). In other words, as a (l,0)-/orm on Cg, q restricts to 
w^j^-j on the fiber C of the universal family tt : Cg — > Mg. 

Proof. Let z be a complex coordinate on C centered at Pq. We have —2 * dh ^ 
- — T^j— near Pq. Since q is integrable on C and holomorphic on C\ {Po}, 



[ qdV = - hm / d{qV') = hm </" gV^' 

Jc ^iOJ|z|>e 

i=iim£ (.[,n^ = (-[i)n(Po). 



27rV-l «io J|2|= 

This proves the lemma. □ 
By (| 4.ip we obtain 



J, _ 2 - 2g ^<g,2 _ 2 - 25 



(4.6) e^|c^_-ilm(77f^ )|^ ^ A c.(i)) - (2 - 2.g)i?. 

Proof of Theorem \4.1\ The 1-forms g and o;^-,^^ have values in iJ'. Since H' is 
isotropic, we have m(ti;^j^ja;^-|^^) = m(Lj^-|^^(7) = 'm{qq) — 0. This means the (2,0)- 
and the (0, 2)-parts of vanish. 

From what we have discussed above it follows 

£;f(A,7l) 

= (to (g) m) (^j^ (^J^ qX^ (^J^ qf?j W(i)W(i) - (^J^ W(i) (^J^ wj ^(i)^ 

qjl 

C 



I {i^ + c^) • {2no - 2gBI) ■(¥ + 'EP) 



IC 
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Since £^B = 0, we have 

• ( / 2^0- 2gBI) • = • (2 - 2g)I ■d^^{2g- 2)c^ ■ 'EF, 
Jc 

■{[ {2^0 - 2gBI) • F) = 2c^ • [ A • F = (2 - 2g)c^ ■ 
Jc Jc 

{[ ■ {2^0 - ^gBIj) -TF ^{2- 2g)c^ ■ 'EF. 
Jc 

Hence we obtain 

E[{X,J1)^2 f [e^ ■Lo^r)MiyW) + 2g f [i^ ■IF)B + {2 - 2g)c^ 
Jc Jc 

This completes the proof. □ 

In order to compare Ef with the 2-form we prove 
Lemma 4.4. 

E[i\Jl)^~2 I W.{t^u;[^^-u[^^i^)-u;l^-^ + {2-2gy-W 
J c 

Proof. 

''(^^•^(i))(c.(i).F)+.9 / {£^-W)B 
c Jc 

A , \ / /TTI *A 

C 

C 

□ 



J c 



5. The 2-form e(. 



In this section we compute ef (A,/!) for X, fi e C°°{C; TC ® T*C). We begin by 
a review on the module H and S'p(if)-invariant linear forms on H ® /K" 
We regard H as a. submodule of /\ H through the injection q^: ZeHi-^ZAI — 
N{ZI) e A^^- If we define := j^im ® l)|y\3^ : A^^^ ^ H, we have 
p-'^q^ = 1^. Following [T^] we write 

U Cokerq^ = /\H/H. 

We denote the natural projection by p*^ : A'^^ ^ U. The module U is identified 
with Kerp^ C A"^^- We denote by q*^ : C/ — > Kerp^ C A'^^ natural injection. 
As was proved in [9l §8], 

can be regarded as a 1-form on the moduli space with values in the vector 
bundle /\^H. 

The map M : H®^ ^ C in fO)) satisfies 

(5.1) M{{ZiZ2Z:i){ZJ)) = (Zi • Zi){Z2 ■ Z3) 

for any Zi E H . 
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Lemma 5.1. For any z = Z\ l\ Z2 l\ Z-i and w = Wi A W2 A W3 E f^o.ve 

2g-2 

Proof. Denote Z^ := p^z, W" p"w, z" := c\" Z" and q"W". We 

have q^p^ z = z — z^ and q^p^w = w — . It is clear that M{zw) — M2(zw). 
By straightforward computation using (| 5.ip we obtain 

M{zw") = M{z"w) = M{N{Z"l)w) = — - — Mi{zw) and 

2g-2 

M{z"w") = 3M{N{Z"I)W"I) = -^—Mi{zw). 

2g-2 

Hence 

Miq^p^ z)[q^p^w) ^ M{z - z"){w - w") = A-'hizw) - -^—Mi{zw), 

2g — 2 

as was to be shown. □ 
By Lemma 15.11 and (| 3. lip we obtain 



''2g+l 
Denote by Qo the (l,0)-part of rjY 

Qo N{u;[^^^[^) + u;[^)U;[^^) + N{ql), 

which has values in f^H' A H" . Since H' and H" are isotropic, ef is a (1, l)-form. 
We have 

(5.2) 2^^'(^'^)-^((XH (/c^^. 



«i3 



for any A and ^ G C°°(C; TC ®T*C). 
Lemma 5.2. 

I QoA = N{L^ + c^I) e /\H C H 
Proof. By (TT^ and 

Moreover 

2 y" W(i)iyoA = -2 y" u;(i)A*d$(r2o) = J A = L^. 

Hence 

QoA = NiL^ + -^(m ® 1)(L^)/) = 7V(i^ + c^/), 
1-5 

as was to be shown. □ 



c 
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For simplicity we write 



J 2.9 + 1 



6(25-2) 
Then we have 

Lemma 5.3. 

E({\Jl) ^ MiiNL^)L^) + (2 - 2g)c^ -d^. 
Proof. By (| 5.2^ we have 

E({\-p) = M{{NL^)IJ^) + M{{NL^)d^I) - M{{NlJ^)c''I) + M{{Nc^I)WI). 
The fourth term in the RHS is (2g — 2)c^ • c^. From (| 5.ip the second term is 

ic 



M{N{ I tuj(i) Au;(i))c'^/) 



( / r (c^(i) • -0^ + 2 ne- ^(i))(c^(i) • CM) 

Jc Jc 

C 

X 



^ 2g{ / rS) • cM + 2((m (g) 1)L^) • c^ = (2 - 2g)c^ • c^*. 
Similarly the third term is equal to (2 — 2g)c^ ■ c'^. This proves the lemma. □ 



2M(/ eu;[,^Auj'(,^){ ^M^;^A^[i)) 



The amounts L'^ and depend only on A and the surface C. This means rji 
and e( can be regarded as differential forms on the space Mg. 
Moreover we obtain 

Proposition 5.4. 

E({X,Jl) = -2 I £i^-n{i^,^-Lu[,^£^)-Lo'(,^ + {2-2gy-&^. 
Proof. We have 

m{l^1j^) 

= M{j i^u;[,^ A iu'(,^){ I -¥u:l) A + M{f l^u^l^ A f I^u;[,^ A cj\\^) 

fjX, .! 

ic 

= -2M ( nii^uj[^)u;'l^/^. 

J C 

Hence 

M((7VL^)i>) 

= M{L^1j^)~2M{[ c^(i)^^Aa.(i))( / ^c^(i) A c^(i)) 

= M(L^7>) _ 2Af( / w^i)^^ Aw(i)) • ( / A u;('i)F) 

C c 

/C 

2M / H(a;[i/^-^^^i))a;['i)F, 



M{L^Lt^) + 2M / 7i:(w(i)r)cj[;)^A' 
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as was to be shown. □ 
Finally we compute the 2-form on Mg 

representing j^ei. 
Lemma 5.5. 



Proof. By (I 1.6p we have 

' - ^(1)^ - "•V'^(i) 



(5.4) = 2d%d * (wn^) = u;[i,A - H(w^^A). 



Hence by (TTS)) 

= -2V^a$9(^^cj[i) - 

= -2^/^a$((u;^l)A - 7^^i)A))c.[i) + u;[,^{u;[,^\ - n{u;[,^X))) 
= 2V^a$(7^^i)AV[i) +^i)7^(c.'(i)A)) 
From Lemmas 14.41 and 15.41 we have 

= 4 /^z^. *a$(H(c^[i)Ay(i) +c.[i)7^^i)A)) • ^['i) 

UI /^*9$(H(a>[i)Ay(i) +^[i)H(a;[i)A)V'(;)F 
= 4Af / *9ci>(7^(a;^i)A)^[i))(c.'(;)£?^-Z7^a;[;)) 

= 4A/ / 7^(a)[i)A)tj'(i)$d* 
The last line follows from (| 4.4p . □ 

By similar computation we have 
(5.5) i?i^(A,7l) - 4x/^A/ / n{uj[,^X)io[,)^H{uj[\^JlW(,^ + Lu[',^n{uj[',^Jl)) . 

6. The second variation of the function Ug. 
This section is devoted to proving 
Theorem 6.1. 

r^^"9 = 7Kz—^i^i - ^i)- 



25(25+1) ^ (25-2)2 
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In the setting of (| 2.7p we denote by Q the antiholomorphic part of the variation 
O- By Theorem 12.21 we have 

(6.1) {ddag){X,-p) = f E X 



for any A and G C°° {C;TC (g) T*C). From fTT^i the quadratic differential S is 
given by 

S = M(i/o;^o)+4M*a$(i^oAW(i))w(i) 
= M(iyoi'o) +4M(;/iw[i)). 

Here we write simply 

From Lemma \2A] it follows 

(6.2) W(i)= d$d * (2lu'1^^]1) = dZ^^. 
Hence we have 

(6.3) r^o = At^(i) + LJ(i)A ^("1)= rf(^''W(i) - W(i)^^) 

1 o 1 _ 

(6.4) B = —mno=-d{£f'-uJn)). 

2.9 .g 

Let il = {^^*}, i G K, \t\ ^ 1, be a family of 2-forms with values in the algebra T. 
Assume A 51 G T is constant, and denote ly := *9$(51). Then we have 



Lemma 6.2. 



Proof. Differentiating (* + ^/^)v = 0, we get = + (* + v^)i^ = — 2v^i^/i - 

2\/^(j>)". Hence (j>)" = v^l, and so = (i^)' + d^d v. 

Since z^ A = and dv — dv ^ ifi — \AB, we have 

T-iv=-{j A cj(i)) • = ( / i/A w°i)) • 



c 



- ( / A d^/^) • = ( l^(dv)£t^) ■ = i(^ flf/^) • Wd). 



The last line follows from B£i^ = 0. Hence we obtain 

t = + d^d + *d${n -A B) 

= i(/ l]F)-w(i) + *5$17--A*a$d(F-u;(i)), 
2 Jc 9 

as was to be shown. □ 

Differentiating (* — V~l)^(i) = — 2-^/— Iw^j^^, we obtain from * w^) = 2^—1^^)/^ 
and fO)) 

-2%/^(tj(i))° cj(i) + (* - \/^) 
= 2\/^w^;)7I - 4\/^a$d * {oj'li^Tl) = 2V^H(w(i)7l), 
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SO that 

(6.5) ^1))° = 

Hence 



(6.6) M J i/i(tj[i))°A = -M y *a$(i^o Atj'('i))H(tj['i)M)A = 0, 

since TJ' and iJ" are isotropic. Applying Lemma l6.2l to vi we have 



+4M / *a$((i'o A W(i))°)cj[^)A 



= 2Af (^y" i/oAc^(i)^^^ • (^y" W(i)w[i)A^ +2M ^ (z/q A c^(i))°£^ 
(6.7) = ^^^(/ "0^(^(1)'^^ ■ J uj[i)Uj[i)\j +2M J iyo{dW)£^ 



+2M / I/O 



A 



Now we comphite the third term 2M From Lemma |6 . 2 1 apphed to 

i/Q it follows 

(6.8) '^o^\(^J A W(i)Fyw(i)+*5$d(Z^^u;(i)-w(i)Z^')-i/*9$d(Z^^-W(i)). 



We have 



Since i/' and i?" arc isotropic, 

2My" *d^d(¥LO(^)~W(^)W)uj(i/^ = 2M j *a$rf(Fw(i))w[;)^^ 



Jc 2 



On the other hand, from (| 4.2p . 

(g - 1)2^ • = (^IjW ■ ^(1)) A ^(1)) • ^(1) A (^(1) • e^)^ 

(F • w(i))(c^(i) ■£^) + 2 f *d$d(F ■ ^(i))co(i) • £^ 



Hence 
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9 9 Jc 

Consequently we obtain 



(6.9) 2M / i'ouj^i)i 



c 

2 



<j c 9 9 -J c 

Next we compute M{vi^vq)° \. Here we remark M{Ii^o) = mvo — m*9$(ijj(-i') A 
u;(i)) = 2g* d%B = 0. From 

Af(i^oJ^o)° = 2A/(z?oi^o) 
= ^((^y" A ■i^(i)VQ) + 2M{*d'^d{lf^Ljj(i)-uj(i)'¥)vf)). 

The second term is equal to 



Since w^j^^A = 7i(aj^-^^A) + d(i^, we have 
M(zyoi^o)°A 



(6.10) = Kli^j A • y" W(i)iyoA + 2Af j VQli^n{uj\^)\) 

+2M J ,^oWd£^ + 2M{(^J Wlu[^^uj[\^)^ ■ (^J uj[^^i^oXj). 

By UM 

'^(i)^'oA = 2 / w^Ni/oA = -2 / W(i)Az^o = / ^'^t^(i) A = L-^ 
c Jc Jc 

Hence the sum of the first and the fourth terms in (j 6.10p is 

^M(i7L^) + M(IJ^ ■ L^) = -]Si{NL^)Tj^. 
The second term in (I 6.7|) and the third in (j 6.10|) are 

2M j !/o(c/F)£^ + 2M I uoWdl^ = 2M [ (di^o)^^^ 



Jc Jc 

(^^•^(i))(a>(i).F)+ / e^-WB. 
c Jc 
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The first in () 6.7|) and the second in () 6.10|) are 

= 2M (^J^Lj[^^uj[,)\^ •^c^(i) Aw(i)$d*(w['i)F-Fc^[;)) 



2M / 7^(w[i)A)w'(i)$d*(w[;)^A'_£Mt^^;^) 



Consequently we obtain 

o 

S A 



~M{NL^)L'^ + {g + l) I £^.£MB + i±I / ■ u;^^-^){uj^^y i^^) 
Jc 9 Jc 

2 5 
-i?/(A,7i) + ^i±lE[i\,-p) + iiJf (A,m) 



4(25 - 2) 
which means 



-2a/=T „^ 



This completes the proof of Theorem 16.11 



References 

1. S. Ju. Arakelov, Intersection theory of divisors on an arithmetic surface, Math. USSR 
Izvestija, 8 (1974) 1167-1180. 

2. G. Faltings, Calculus on arithmetic surfaces, Ann. Math. 119 (1984) 387-424. 

3. R. Hain, Biextensions and heights associated to curves of odd genus, Duke Math. J, 61 (1990) 
859-898. 

4. R. Hain and D. Reed, On the Arakelov geometry of moduli spaces of curves, J. Diff. Geom. 
67 (2004) 195-228. 

5. B. Harris, Harmonic volumes. Acta Math., 150 (1983), 91—123. 

6. D. Johnson, A survey of the Torelli group. Contemporary Math. 20 (1983), 165—179. 

7. , The structure of the Torelli group III: The abelianization ofXg, Topology 24 (1985), 

127-144. 

8. N. Kawazumi, Cohomological aspects of the Magnus expansions, preprint, i math ■ GT/0505497 1 

9. , Harmonic Magnus expansion on the universal family of Riemann surfaces, preprint, 

|math.GT/0603 158 

10. S. Morita, Characteristic classes of surface bundles. Invent, math. 90 (1987), 551-577. 

11. , The extension of Johnson's homomorphism from the Torelli group to the mapping 

class group, Invent, math. Ill (1993), 197-224. 



JOHNSON'S HOMOMORPHISMS AND THE ARAKELOV-GREEN FUNCTION 23 



12. , A linear representation of the mapping class group of orientable surfaces and char- 
acteristic classes of surface bundles, in Topology and Teichmuller Spaces, World Scientific, 
1996, 159-186. 

13. D. Mumford, Towards an enumerative geometry of the moduli space of curves, in Arithmetic 
and Geometry, Progr. Math. 36 (1983), 271-328. 



Department of Mathematical Sciences, University of Tokyo, Komaba, Tokyo 153- 
8914, Japan 

E-mail address: kawazumi8ms.u-tokyo.ac.jp 



